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Abstract
We show that a continuous local semiﬂow of Ck-maps on a ﬁnite-dimensional Ck-manifold
M with boundary is in fact a local Ck-semiﬂow on M and can be embedded into a local Ck-
ﬂow around interior points of M under some weak assumption. This result is applied to an
open regularity problem for ﬁnite-dimensional realizations of stochastic interest rate models.
r 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Let kX1 be given. We consider a Banach space X and a continuous local semiflow
Fl of Ck-maps on an open subset VCX ; i.e.
(i) There is e40 and VCX open with Fl : ½0; e½V-X a continuous map.
(ii) Flð0; xÞ ¼ x and Flðs; Flðt; xÞÞ ¼ Flðs þ t; xÞ for s; t; s þ tA½0; e½ and
x; Flðt; xÞAV :
(iii) The map Flt : V-X is C
k for tA½0; e½:
To shorten terminology we say that ‘‘Fl’’ is a continuous local semiﬂow of Ck-
maps on X if for any xAX there is an open neighborhood VCX of x and a
continuous local semiﬂow Fl ¼ FlðVÞ of Ck-maps on V ; such that FlðV1Þ ¼ FlðV2Þ on
V1-V2: Continuous local semiﬂows of Ck-maps appear naturally as mild solutions
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of nonlinear evolution equations (see Appendix A). The continuous local semiﬂow Fl
is called Ck or local Ck-semiflow if Fl : ½0; e½V-X is Ck:
We assume that we are given a ﬁnite-dimensional Ck-submanifold M with
boundary of X such that M is locally invariant for Fl; i.e. for every xAM-V there is
dxA0; e½ such that Flðt; xÞAM for 0ptpdx: In this case Fl restricts in a small open
neighborhood of any point xAM-V to a continuous local semiﬂow of Ck-maps on
M; see Lemma 1.3, where we make the restriction precise. A continuous local
semiﬂow of Ck-maps on M is deﬁned as above, the same for local Ck-semiﬂows:
notice however that the manifold might have a boundary (for the notions of analysis
in this case see for example [6]). By TxM we denote the (full) tangent space at xAM;
even at the boundary. By ðTxMÞX0 we denote the halfspace of inward pointing
tangent vectors for xA@M: The boundary subspace of this halfspace is the tangent
space of the Ck-submanifold (without boundary) @M; these are the tangent vectors
parallel to the boundary.
We shall prove that the restriction of a continuous local semiﬂow of Ck-maps Fl to
a Ck-submanifold with boundary M is jointly Ck and can in particular be embedded
in a local Ck-ﬂow around any interior point of M: We shall apply classical methods
from [8] developed to solve the ﬁfth Hilbert problem. Nevertheless, we have to face
the difﬁculty that Fl is only a continuous local semiﬂow. We can prove the result
under a weak assumption, which will always be satisﬁed with respect to our
applications. This problem arises in several contexts, for example recently in interest
rate theory, see [2,3].
We ﬁrst cite the classical results from Dean Montgomery and Leo Zippin [8] and
draw a simple conclusion, which illustrates, what are going to do, namely proving a
non-linear version of Example 1.2.
Theorem 1.1. Let M be a finite-dimensional Ck-manifold and Fl :R M-M a
continuous flow of Ck-maps on M; then Fl is a Ck-flow on M:
Example 1.2. Let S be a strongly continuous group on a Banach space X and
assume that M is a locally S-invariant ﬁnite-dimensional Ck-submanifold of X :
Then MCDðAkÞ; where A denotes the inﬁnitesimal generator of S; and the
restriction of A to M is a Ck1-vector ﬁeld on M:
The paper is organized as follows. In Section 2 we prove the extension of Theorem
1.1 for continuous local semiﬂows of Ck-maps. In Section 3 we apply this result to a
problem that arises in connection with stochastic interest rate models as it has been
announced in [3]: ﬁnite-dimensional realizations are highly regular objects, namely
given by submanifolds with boundary of DðANÞ; where A is the generator of a
strongly continuous semigroup. The appendix contains a regularity result for the
dependence of solutions to evolution equations on the initial point.
We end this section by the announced lemma. Let M be a ﬁnite-dimensional
Ck-submanifold with boundary and let M be locally invariant for Fl; as deﬁned
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above. We denote by RnX0 the halfspace fxARn; xnX0g; consequently RX0 is the
positive halﬂine including 0:
Lemma 1.3. For every xAM-V there exists an open neighborhood V 0CX of x and
e040; such that Flðt; yÞAM for all ðt; yÞA½0; e0½ðV 0-MÞ:
Proof. Take xAM and a Ck-submanifold chart u :UCX-X with uðU-MÞ ¼
f0g  WCf0g  RnX0; where UC %UCV is open and xAU ; WCRnX0 is open, convex.
Here n denotes the dimension of M: We may assume that u has a continuous
extension on %U with uðU-MÞ ¼ uð %U-MÞ ¼ f0g  %W by restriction of U : The
closure of U-M is taken in M:
For yAU deﬁne the lifetime in U-M
TðyÞ :¼ supf0otoe j 80psot : Flðs; yÞAU-Mg:
By continuity of Fl we have FlðTðyÞ; yÞAU-M \ ðU-MÞ if TðyÞoe: We claim that
there exists an open neighborhood V 0CU of x in X and e040 such that TðyÞXe0 for
all yAV 0: Indeed, otherwise we could ﬁnd a sequence ðxnÞ in U-M with xn-x and
e4TðxnÞ-0: But this means that uðFlðTðxnÞ; xnÞÞAf0g  ð %W\WÞ converges to
uðFlð0; xÞÞ ¼ uðxÞAf0g  W ; a contradiction. Whence the claim, and the lemma
follows. &
2. The classical proof revisited
Since we are treating local questions as differentiability, we can—without any
restriction—assume that f : ½0; e½V-RnX0 is a given continuous local semiﬂow of
Ck-maps, where V is open, convex in RnX0: For the notion of differentiability on
manifolds with boundary see for example [5,6]. We do not make a difference in
notation between right derivatives and derivatives, even though on the boundary
points in space or time, respectively, we only calculate right derivatives. We shall
always assume in this section that f is continuous and f ðt; :Þ is Ck for all tA½0; e½; for
some kX1: We shall write f ðt; xÞ ¼ ðf1ðt; xÞ;y; fnðt; xÞÞ for ðt; xÞA½0; e½V :
Assumption (Crucial). We assume that for any xAV there is ex40 such that
Dx f ðt; xÞ is invertible for 0ptpex (Dx f denotes the derivative with respect to x).
Lemma 2.1. The mapping ðt; xÞ/Dx f ðt; xÞ is continuous.
Proof. For the proof we proceed from the Baire category theorem and Lemma 2 of
[8, p. 198]. We then have the following result:
Let Z be any compact interval, V an open set in RnX0 and let F : Z  V-R be a
continuous real valued function, such that Fðg; :Þ is C1 for any gAZ: Given aAV and
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1pipn; the set of points g0AZ such that @@xi F is continuous at ðg0; aÞ is dense in Z;
even more, the set where it is not continuous is of ﬁrst category in Z:
Let now aAV be ﬁxed, then the set of points t0A½0; e½ such that fij :¼ @@xi fj is
continuous at ðt0; aÞ; for all 1pi; jpn; is everywhere dense in ½0; e½: We shall denote
this set by Ia: In addition the determinant detðfijÞ is continuous at these points, too.
We want to show now that for ﬁxed aAV the mappings fij are continuous at ð0; aÞ:
Notice that the determinant at any point of continuity ðt0; aÞ; with t0AIa small
enough, is bounded away from zero in a neighborhood.
We ﬁx aAV ; then for t0A½0; e½
f ðt0 þ h; a þ yÞ ¼ f ðt0; f1ðh; a þ yÞ;y; fnðh; a þ yÞÞ
for hX0 and yARnX0; both sufﬁciently small, hence
Dx f ðt0 þ h; a þ yÞ ¼ Dx f ðt0; f ðh; a þ yÞÞ  Dx f ðh; a þ yÞ:
There is t0AIa such that Dx f ðt0; zÞ is invertible in a neighborhood of a; hence
Dx f ðt0; f ðh; a þ yÞÞ1  Dx f ðt0 þ h; a þ yÞ ¼ Dx f ðh; a þ yÞ
and therefore
id ¼ lim
hk0;y-0
Dx f ðt0; f ðh; a þ yÞÞ1  Dx f ðt0 þ h; a þ yÞ
¼ lim
hk0;y-0
Dx f ðh; a þ yÞ
by continuity of Dx f at ðt0; aÞ; continuity of f in both variables and the continuity of
the inversion of matrices. So 0AIa for all aAV :
Now we can conclude for arbitrary tA0; e½ in the following way:
Dx f ðt þ h; a þ yÞ ¼ Dx f ðt; f ðh; a þ yÞÞ  Dx f ðh; a þ yÞ
for hX0 and yARnX0 sufﬁciently small, hence by continuity at ð0; aÞ
lim
hk0;y-0
Dx f ðt þ h; a þ yÞ ¼ lim
hk0;y-0
Dx f ðt; f ðh; a þ yÞÞ  Dx f ðh; a þ yÞ
¼Dx f ðt; aÞ:
For left continuity we apply
Dx f ðt; a þ yÞ ¼ Dx f ðh; f ðt  h; a þ yÞÞ  Dx f ðt  h; a þ yÞ
for hX0 and yARnX0 sufﬁciently small, hence by continuity of Dx f at ð0; aÞ and
ð0; f ðt; aÞÞ; the continuity of Dx f in the second variable and the existence of the
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inverse for small h
lim
hk0;y-0
Dx f ðt  h; a þ yÞ
¼ lim
hk0;y-0
Dx f ðh; f ðt  h; a þ yÞÞ1  Dx f ðt; a þ yÞ
¼ Dx f ðt; aÞ:
Consequently the desired assertion holds. &
In the next step we shall show that there is a derivative at 0:
Lemma 2.2. The right-hand derivative d
dt
f ðt; xÞjt¼0 exists for xAV ; and for small hX0
we have the formula
f ðh; xÞ  x ¼
Z h
0
Dx f ðt; xÞ dt d
dt
f ð0; xÞ
 
:
Moreover,
d
dt
f ðt; :Þjt¼0 : V-Rn is continuous.
Proof. We may differentiate with respect to x under the integral sign by Lemma 2.1
and uniform convergence, so
Tðh; xÞ :¼
Z h
0
f ðt; xÞ dt;
DxTðh; xÞ :¼
Z h
0
Dx f ðt; xÞ dt:
By the mean value theorem we obtain
Tðh; yÞ  Tðh; xÞ ¼ DxTðh; x˜Þðy  xÞ;
where x˜A½x; y: Now we take y ¼ f ðp; xÞ; then
Tðh; yÞ  Tðh; xÞ ¼
Z hþp
p
f ðt; xÞ dt 
Z h
0
f ðt; xÞ dt
¼
Z hþp
h
f ðt; xÞ dt 
Z p
0
f ðt; xÞ dt;
which ﬁnally yields
1
p
Z p
0
f ðt þ h; xÞ dt 
Z p
0
f ðt; xÞ dt
 
¼ DxTðh; x˜Þ 1
p
ðf ðp; xÞ  xÞ
 
:
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This equation can be solved by joint continuity of ðh; zÞ/1
h
R h
0 Dx f ðt; zÞ dt: we obtain
for small h and a compact set in x that the expression is in a small neighborhood of
the identity matrix. So inversion leads to the desired result and then to the given
formula. &
By the semigroup-property and the chain rule, the result of Lemma 2.2 can be
extended for 0otoe: Indeed,
lim
pk0
f ðt þ p; xÞ  f ðt; xÞ
p
¼ lim
pk0
f ðp; f ðt; xÞÞ  f ðt; xÞ
p
¼ d
dt
f ð0; f ðt; xÞÞ;
lim
pk0
f ðt; xÞ  f ðt  p; xÞ
p
¼ lim
pk0
f ðp; f ðt  p; xÞÞ  f ðt  p; xÞ
p
¼ lim
pk0
1
p
Z p
0
Dx f ðt; f ðt  p; xÞÞ dt
 
d
dt
f ð0; f ðt  p; xÞÞ
¼ d
dt
f ð0; f ðt; xÞÞ
by Lemmas 2.1 and 2.2. Consequently, for small h40
d
dt
f ðt; xÞ ¼ d
dt
f ð0; f ðt; xÞÞ
¼
Z h
0
Dx f ðs; f ðt; xÞÞ ds
 1
ðf ðh; xÞ  xÞ: ð2:1Þ
In particular ðt; xÞ/d
dt
f ðt; xÞ is continuous in both variables on the whole domain of
deﬁnition.
Lemma 2.3. The semiflow f is Ck in both variables.
Proof. If f ðt; :Þ is Ck for tA½0; e½; then the r-jet
ðf ðt; x0Þ; Dx f ðt; x0Þ  x1y; Drx f ðt; x0Þ  x1 y  xrÞ
for ðt; x0; x1y; xrÞA½0; e½V  Rn ? Rn is a continuous local semiﬂow of Ckr-
maps, for 0prpk  1: For r ¼ 1; the 1-jet is a continuous, local semiﬂow of Ck1-
maps, by Lemma 2.1. Assume that for rok the r-jet is a continuous, local semiﬂow
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then, by Lemma 2.1 again, the ðr þ 1Þ-jet is continuous. By induction
ðt; xÞ/Drx f ðt; xÞ
is continuous in both variables for 0prpk:
If we apply the above results to the r-jet for rok; we conclude by Eq. (2.1) that
Drx f ðt; xÞ can be ðk  rÞ times differentiated with respect to the t-variable, and these
derivatives are continuous. Hence f is Ck in both variables. &
Theorem 2.4. Let kX1 be given and let Fl : ½0; e½U-M be a local semiflow on a
finite-dimensional Ck-manifold M with boundary, which satisfies the following
conditions:
(i) The semiflow Fl : ½0; e½U-M is continuous with UCM open.
(ii) The mapping Flðt; :Þ is Ck:
(iii) For fixed xAU there exists ex40 such that TxFlðt; :Þ is invertible for 0ptpex:
Then Fl is Ck and for any x0AU\@M there is a local Ck-flow *Fl :   d; d½V-M with
VCU\@M open around x0 and dpe such that Flðy; tÞ ¼ *Flðy; tÞ for yAV and 0ptpd:
This also holds for the smooth case (k ¼N).
Proof. By the previous lemmas the map Fl : ½0; e½U-M is a Ck-semiﬂow on M:
We ﬁx x0AU\@M; then there is 0odoe and WCU open in M\@M; such that
ðt; xÞ/ðt; Flðt; xÞÞ is Ck-invertible on ½0; d½W by the Ck-inverse function theorem
on manifolds with boundary (see [6]). We then choose an open neighborhood
VC
T
0ptod Flðt; WÞ of x0 in M\@M: Therefore we can deﬁne *Flðt; yÞ :¼
fFlð:; :Þg1ðt; yÞ for tA½0; d½ and yAV : Since this is the unique solution in z of the
Ck-equation Flðt; zÞ ¼ y; we obtain a Ck-map *Fl: The ﬂow property holds by
uniqueness, too. Notice that V can be chosen independent of k: &
Remark 2.5. Remark that for evolutions (which correspond in the differentiable case
to time-dependent vector ﬁelds) we can pass to the extended phase space and apply
the results thereon.
3. Applications
The following application has been announced in [3] in connection with
ﬁnite-dimensional realizations for stochastic models of the interest rates. Let X be
a Banach space, S a strongly continuous semigroup on X with inﬁnitesimal
generator A : DðAÞ-X ; and let P : X-X be a locally Lipschitz map. For xADðAÞ
we write
mðxÞ :¼ Ax þ PðxÞ:
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Proposition A.2 yields the existence of a continuous, local semiﬂow Flm of mild
solutions to the evolution equation
d
dt
xðtÞ ¼ mðxðtÞÞ: ð3:1Þ
That is, for every x0AX there exists a neighborhood U of x0 in X and T40 such that
FlmACð½0; T   U ; X Þ and
Flmðt; xÞ ¼ Stx þ
Z t
0
StsPðFlmðs; xÞÞ ds; 8ðt; xÞA½0; T   U : ð3:2Þ
Now let kX1; and M be a ﬁnite-dimensional Ck-submanifold with boundary in X ;
which is locally invariant for Flm: Hence, by Lemma 1.3, x0AM implies Flmðt; xÞAM
for all ðt; xÞA½0; T   ðU-MÞ; for some open neighborhood U of x0 in X and T40:
By the methods of [1] (see also Remark 3.3) we obtain that necessarily MCDðAÞ and
8xAM: mðxÞATxM and 8xA@M: mðxÞAðTxMÞX0; ð3:3Þ
since m has to be additionally inward pointing. We now can strengthen this result.
Theorem 3.1. Suppose
PA
\k
r¼0
CkrðX ; DðArÞÞ ð3:4Þ
and DkxP is locally Lipschitz continuous. Then MCDðAkÞ and mjM is a Ck1-vector
field on M:
Proof. Let x0AM; and U ; T as above. Hence Flmðt; xÞAM for all ðt; xÞA½0; T  
ðU-MÞ: By the assumptions we made, Theorem A.3 applies and we may assume
that Flmðt; Þ is Ck on U for all tA½0; T : Now let xAU-M: We claim that there
exists ex40 such that
DxFl
mðt; xÞ :TxM-TFlmðt;xÞM is invertible for 0ptpex: ð3:5Þ
Indeed, let yAX : The directional derivative DxFlmðt; xÞy is continuous in t on ½0; T ;
see (A.5). Hence (3.2) and dominated convergence imply that
DxFl
mðt; xÞy ¼ Sty þ
Z t
0
StsDPðFlmðs; xÞÞDxFlmðs; xÞy ds:
By bound (A.6) we conclude that
sup
yATxM; jjyjjp1
jjDxFlmðt; xÞy  yjjp sup
yATxM; jjyjjp1
jjSty  yjj þ OðtÞ;
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where OðtÞ-0 for t-0: Since TxM is ﬁnite-dimensional, it is easy to see that
sup
yATxM; jjyjjp1
jjSty  yjj-0 for t-0:
Hence there exists ex40 such that DxFlmðt; xÞ restricted to TxM is injective, and
hence invertible, for all tA½0; ex: This yields claim (3.5).
Therefore Theorem 2.4 applies and Flm : ½0; T   ðU-MÞ-M is Ck: In particular,
since mðxÞ ¼ @tFlmð0; xÞ; mjM is a Ck1-vector ﬁeld on M; and Flmð; x0Þ is Ck on
½0; T :
From (3.2) we have
Stx0 ¼ Flmðt; x0Þ 
Z t
0
StsPðFlmðs; x0ÞÞ ds; tA½0; T :
By (3.4), the integral on the right is Ck in tA½0; T : Indeed, we obtain inductively by
dominated convergence
@rt
Z t
0
StsPðFlmðs; x0ÞÞ ds
¼ @r1t PðFlmðt; x0ÞÞ þ @r2t APðFlmðt; x0ÞÞ
þ?þ Ar1PðFlmðt; x0ÞÞ þ
Z t
0
StsArPðFlmðs; x0ÞÞ ds;
for rpk: We conclude that Stx0 is Ck in tA½0; T : But this means that x0ADðAkÞ and
the theorem is proved. &
We now consider a setup that is given in [3]. Let W be a connected open set in X ;
dX1 and s ¼ ðs1;y; sdÞ such that
(A1) P and si are Banach maps from X into DðANÞ; for 1pipd:
(A2) m; s1;y; sd are pointwise linearly independent on W-DðANÞ:
For the deﬁnition of a Banach map see [3,4]. The Banach map principle [4, Theorem
5.6.3] yields that each si generates a local ﬂow Flsi on X with the following
property: for every x0AX there exists an open neighborhood V of x0 in X and T40
such that
FlsiACNð  T ; T ½V ; XÞ and FlsiACNð  T ; T ½V 0; DðANÞÞ;
where V 0 :¼ V-DðANÞ is considered as an open set in DðANÞ; and Flsið; xÞ is the
unique solution of
d
dt
xðtÞ ¼ siðxðtÞÞ; xð0Þ ¼ x; ðt; xÞA  T ; T ½V :
Local invariance for Flsi is deﬁned as for Flm above.
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Theorem 3.2. Let MCW be a ðd þ 1Þ-dimensional CN-submanifold with boundary of
X : If M is locally invariant for Flm; Fls1 ;y; Flsd ; then M is a CN-submanifold with
boundary of DðANÞ:
Proof. Theorem 3.1 implies that MCDðANÞ and mjM is a CN-vector ﬁeld on M
with respect to the given differentiable structure as submanifold with boundary of X :
Furthermore s1;y; sd restrict to smooth vector ﬁelds on M and siðxÞATx@M for
xA@M; since siðxÞ and siðxÞ have to be inward pointing by local invariance. We
do also have integral curves for m and s1;y; sd on DðANÞ which coincide with the
respective integral curves on X on the intersection of the domains of deﬁnition if they
start from the same point.
We have to construct submanifold charts for M; such that M is also a
submanifold with boundary of DðANÞ: We shall do this by constructing smooth
parametrizations a : U-DðANÞ for any point x0AM; then we apply [3, Lemma 3.1]
Let x0AM\@M: From [3, Section 2] we know that the vector ﬁeld m generates a
smooth local semiﬂow on DðANÞ; which coincides locally by uniqueness of integral
curves with the local CN-ﬂow FlmM of mjM on a neighborhood of x0: This means in
particular that t/FlmM ðt; x0Þ is smooth with respect to the topology of DðANÞ: As
in the proof of [3, Theorem 3.9] it follows, by (A2), that
aðu; x0Þ :¼ Fls1u1 3?3Flsdud 3FlmMudþ1ðx0Þ : U-DðANÞ;
where U is an open, convex (sufﬁciently small) neighborhood of 0 in Rdþ1; is a
diffeomorphism (it has maximal rank) to an open submanifold NCM with respect
to the differentiable structure as submanifold with boundary of X : But a is
additionally a smooth parametrization of a submanifold NCMCDðANÞ; therefore
we constructed for the open subset N of M an appropriate chart as submanifold of
DðANÞ by Filipovic´ and Teichmann [3, Lemma 3.1].
For the boundary points x0A@M the argument is simpler: ﬁrst we observe that
siðxÞ are parallel to the boundary for xA@M: In this case it is sufﬁcient to deﬁne a on
an open, convex subset UCRd  RX0: Again a is a smooth diffeomorphism to an
open submanifold with boundary NCM with respect to the original differentiable
structure, but by [3, Lemma 3.1] this is also a smooth parametrization of a N as a
submanifold of DðANÞ:
Whence we have constructed submanifold charts with respect to DðANÞ; so
MCDðANÞ is also a submanifold with boundary of DðANÞ: &
Remark 3.3. The Nagumo-type consistency results in [1] have been derived for
submanifolds without boundary. These results can be extended to submanifolds with
boundary. There are two key points. First, any submanifold with boundary M can
be smoothly embedded in a submanifold without boundary, say M˜; of the same
dimension. Then the main arguments in [1] carry over: to derive the Nagumo-type
consistency conditions at a point xAM it is enough to have local viability of the
process with initial point xAM in M (and hence in M˜). Consequently we obtain the
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Nagumo-type conditions for the whole of M (including the boundary!). Second, the
coefﬁcients of a diffusion process (i.e. the coordinate process) viable in a half space
have to satisfy the appropriate inward pointing conditions at the boundary. We refer
to [7] for the rigorous analysis.
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Appendix A. Regular dependence on the initial point
Let X be a Banach space, S a strongly continuous semigroup on X with
inﬁnitesimal generator A; and P :RX0  X-X a continuous map. In this section we
shall provide the basic existence, uniqueness and regularity results for the evolution
equation
d
dt
xðtÞ ¼ AxðtÞ þ Pðt; xðtÞÞ: ðA:1Þ
We ﬁrst recall a classical existence and uniqueness result (see [9, Theorem 1.2,
Chapter 6]).
Theorem A.1. Let T40: Suppose P : ½0; T   X-X is uniformly Lipschitz continuous
(with constant C) on X : Then for every xAX there exists a unique mild solution xðtÞ;
tA½0; T ; to (A.1) with xð0Þ ¼ x: If xðtÞ and yðtÞ are two mild solutions of (A.1) with
xð0Þ ¼ x and yð0Þ ¼ y then
sup
tA½0;T 
jjxðtÞ  yðtÞjjpMeMCT jjx  yjj; ðA:2Þ
where
M :¼ sup
tA½0;T 
jjStjj: ðA:3Þ
There is an immediate local version of Theorem A.1. We say that P :RX0  X-X
is locally Lipschitz continuous on X if for every TX0 and KX0 there exists
C ¼ CðT ; KÞ such that
jjPðt; xÞ  Pðt; yÞjjpCjjx  yjj
for all tA½0; T ; and x; yAX with jjxjjpk and jjyjjpk:
Proposition A.2. Suppose P :RX0  X-X is locally Lipschitz continuous on X : Let
x0AX : Then there exist a neighborhood U of x0 and T40 such that, for every xAU ;
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Eq. (A.1) has a unique mild solution xðtÞ; tA½0; T ; with xð0Þ ¼ x: If xðtÞ and yðtÞ are
two mild solutions of (A.1) with xð0Þ ¼ xAU and yð0Þ ¼ yAU then (A.2) holds, for M
as in (A.3) and some C ¼ CðT ; UÞ:
Proof. Set K :¼ 2jjx0jj and ﬁx T 040: Deﬁne
P˜ðt; xÞ :¼ Pðt; xÞ if jjxjjpK ;
Pðt; Kx=jjxjjÞ; if jjxjj4K :
(
Then P˜ : ½0; T 0  X-X is uniformly Lipschitz continuous on X with constant
C ¼ CðT 0; KÞ: Hence Theorem A.1 yields existence and uniqueness of mild solutions
for Eq. (A.1) where P is replace by P˜: By (A.2) there exists 0oTpT 0 and a
neighborhood U of x0 such that suptA½0;T  jjxðtÞjjpK for every mild solution xðtÞ
with xð0ÞAU : It is now easy to see that T and U satisfy the assertions of the
proposition. &
Here is the announced regularity result.
Theorem A.3. Let kX1: Suppose P :RX0  X-X is Ck in x; and DkxP is continuous
on RX0  X and locally Lipschitz continuous on X : Let x0AX : Then there exists an
open neighborhood U of x0 and T40; and a map FACð½0; T   U ; HÞ such that, for
every xAU ; Fð; xÞ is the unique mild solution of (A.1) with Fð0; xÞ ¼ x: Moreover
Fðt; ÞACkðU ; XÞ for all tA½0; T :
Proof. By assumption, DrxP is continuous on RX0  X and locally Lipschitz
continuous on X ; for all rpk: Hence Proposition A.2 yields the existence of U ; T
and FACð½0; T   U ; HÞ such that Fð; xÞACð½0; T ; HÞ is the unique mild solution
of (A.1) with Fð0; xÞ ¼ x; for all xAU : It remains to show regularity of Fðt; Þ:
Let xAU and yAX : The candidate, say cðt; x; yÞ; for the Gateaux directional
derivative DxFðt; xÞy is given by the linear evolution equation
d
dt
cðt; x; yÞ ¼Acðt; x; yÞ þ DxPðt; Fðt; xÞÞcðt; x; yÞ;
cð0; x; yÞ ¼ y: ðA:4Þ
Since C1 ¼ C1ðxÞ :¼ suptA½0;T  jjDxPðt; Fðt; xÞÞjjoN; Theorem A.1 yields the ex-
istence of a unique mild solution
cð; x; yÞACð½0; T ; XÞ ðA:5Þ
to (A.4), and by (A.2)
sup
tA½0;T 
jjcðt; x; yÞjjpMeMC1T jjyjj: ðA:6Þ
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Now let tA½0; T  and ðxnÞ be a sequence in U converging to x: We claim that
sup
yAX ; jjyjjp1
jjcðt; xn; yÞ  cðt; x; yÞjj-0; for n-N: ðA:7Þ
Indeed, DnðtÞ :¼ cðt; xn; yÞ  cðt; x; yÞ satisﬁes
DnðtÞ ¼
Z t
0
StsðDxPðs; Fðs; xnÞÞcðs; xn; yÞ  DxPðs; Fðs; xÞÞcðs; x; yÞÞ ds:
Hence
jjDnðtÞjjpMC2
Z t
0
jjDnðsÞjj ds þ M2C3eMðC0þC1ÞT jjyjj jjxn  xjj;
where C0 and C3 are local Lipschitz constants of P and DxP; respectively, and
C2 :¼ supn supsA½0;T  jjDxPðs; Fðs; xnÞÞjj: By Gronwall’s inequality
jjDnðtÞjjpM2C3eMðC0þC1þC2ÞT jjyjj jjxn  xjj;
whence (A.7).
Next, we claim that
DxFðt; xÞy ¼ cðt; x; yÞ: ðA:8Þ
Let e040 be such that x þ eyAU for all eA½0; e0: For such e we write dðt; eÞ :¼
Fðt; x þ eyÞ  Fðt; xÞ  ecðt; x; yÞ; and obtain
dðt; eÞ ¼
Z t
0
StsðPðs; Fðs; x þ eyÞÞ  Pðs; Fðs; xÞÞÞ ds
 e
Z t
0
StsDxPðs; Fðs; xÞÞcðs; x; yÞ ds
¼
Z t
0
StsðDxPðs; Fðs; xÞÞdðs; eÞ þ Dðs; eÞÞ ds;
where
Dðs; eÞ :¼Pðs; Fðs; x þ eyÞÞ  Pðs; Fðs; xÞÞ
 DxPðs; Fðs; xÞÞðFðs; x þ eyÞ  Fðs; xÞÞ:
By regularity of P and in view of (A.2) there exists C4 ¼ C4ðT ; UÞ such that
sup
tA½0;T 
jjDðt; eÞjjpC4e:
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Hence, writing C5 :¼ suptA½0;T  jjDxPðt; Fðt; xÞÞjj;
jjdðt; eÞjjpC5MT
Z t
0
jjdðs; eÞjj ds þ C4MTe;
and by Gronwall’s inequality lime-0 jjdðt; eÞjj ¼ 0; whence (A.8).
By (A.8) it follows that DxFðt; xÞy is well deﬁned for all xAU and yAX ; and by
(A.7) the mapping DxFðt; Þ :U/LðX Þ is continuous, hence Fðt; ÞAC1ðU ; XÞ for
all tA½0; T :
Higher order regularity is shown by induction of the above argument. We only
sketch the case C2: Let xAU and y1; y2AX ; and write c2ðx; y1; y2Þ for the candidate
of D2xFðt; xÞðy1; y2Þ; which solves the inhomogeneous linear evolution equation
d
dt
c2ðt; x; y1; y2Þ ¼Ac2ðt; x; y1; y2Þ þ DxPðt; Fðt; xÞÞc2ðt; x; y1; y2Þ
þ D2xPðt; Fðt; xÞÞðDxFðt; xÞy1; DxFðt; xÞy2Þ;
c2ð0; x; y1; y2Þ ¼ 0: ðA:9Þ
Notice that the inhomogeneous part, D2xPðt; Fðt; xÞÞðDxFðt; xÞy1; DxFðt; xÞy2Þ; is
continuous in tA½0; T  by induction. Hence c2ð; x; y1; y2ÞACð½0; T ; XÞ is the unique
mild solution of (A.9) by Theorem A.1. Now let tA½0; T : One shows ﬁrst that
c2ðt; ; y1; y2Þ : U-X is continuous, uniformly in y1; y2AX with jjy1jjp1; jjy2jjp1
(see (A.7)). Then the identity D2xFðt; xÞðy1; y2Þ ¼ c2ðt; x; y1; y2Þ is proved (see (A.8)),
whence Fðt; ÞAC2ðU ; XÞ: &
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